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Abstract: In this paper, we investigate the 1/4 BPS Wilson-’t Hooft loops in V=4 supersymmetric 
Yang-Mills theory. We use the bulk D3-brane solutions with both electric and magnetic charges on its 
world-volume to describe some of 1/4 BPS Wilson-’t Hooft loops. The D3-brane supersymmetric solutions 
are derived form requiring K-symmetry. We find the two consistent constraints for Killing spinors and 
calculate the conserved charges of straight 1/4 BPS Wilson-’t Hooft loops and expectation values of circular 
1/4 BPS Wilson-’t Hooft loops separately. 
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1. Introduction 

Wilson loop operators are interesting observables in gauge field theories. These operators can be viewed 
as the worldlines of a very massive quark with the electric charge. In AA=4 SYM, the Wilson loops have 
the general form 

W{C) = TrVexp{i J + <^,e^\x\)ds), (1.1) 

where x* is the parametrization of the loop C and 0* is a unit vector in R^. The are the gauge fields 
and <l>j are the six scalars in the adjoint representation. 

According to the AdS/CFT correspondence, the expectation values of fundamental representation 
Wilson loops are calculated on the AdS side as fundamental string action bounded by the curve C at the 
boundary [1-7]: 

W{C)= [ VXexp{-VxS[X]), (1.2) 

JdX=C 

where the 5'[Y] is the string action. For large A, the expectation value of the Wilson loop is given by the 
area A of the minimal surface bounded by C as 

W{C) ~ exp(— a/AA). (1.3) 
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These fundamental strings sweep out a worldsheet in AdS side. There are two simple 1 /2 BPS Wilson 
loops; the infinitely straight line and circular Wilson loop. 

For the infinitely straight line Wilson loop, its expectation value is simple 

Wiine = 1- (1-4) 

The infinitely straight line Wilson loop preserves half of the supersymmetries. For the circular Wilson loop 
which also preserves half the supersymmetries, its expectation value is 

Wcirde = exp(\/A). (1.5) 


The circular Wilson loop can be calculated in perturbation theory by reducing the calculation of the 
rainbow/ladder diagrams to matrix model [8] 

Wcircuiar = ^J VM^Tre^ (1.6) 


The leading behavior at large N, it is 

^^circular ~ (a/A) ~ C , 


(1.7) 


where Ii{x) is the Bessel function. 

For Wilson loops with high rank representation of gauge group, we must consider the interaction 
between strings. These stings can blow up to D3-branes and/or D5-branes configurations corresponding to 
symmetric and anti-symmetric representation separately [9-22] analogous to the gaint gravitons [23-26]. 
The expectation value of 1/2 BPS circular Wilson loop in the symmetric representation described by 
D3-brane is 


hFsj/m 


^2N(k\/ l+K^^-l-arcsinh k) 


( 1 . 8 ) 


with K = The expectation value of BPS circular Wilson loop in the Anti-symmetric representation 

described by D5-brane is 


W, 


asyra 


2Ns/X , 
= 6 37r 




(1.9) 


where 0^ is related to k by 

2A^ 1 1 , , , 

k = -(-4 --sm26»fc). (1.10) 

TT 2 4 

The AA=4 SYM and the type IIB string theory have the electric-magnetic duality SL(2,Z). Under 
S-duality, the electric charge is replaced with the magnetic charge. We need consider another important 
loops known as Wilson-’t Hooft loops. The Wilson-’t Hooft loops are the dyon worldlines wich carry both 
the electric and magnetic charges in gauge theory [27,28]. In purely electric case, they reduce to the Wilson 
loops. They are classified by a pair of weights (electric and magnetic) for the gauge group and its magnetic 
dual, modulo the action of the Weyl group. From the string theory, the Wilson-’t Hooft loops are the 
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{FI, Dl) bound states ending on the worldvolume of D3-branes [29]. For a (n, m)-string, the string tension 
is 




-^ 71 ^ + m? / g1 
2'Ka' 


( 1 . 11 ) 


which is invariant under S-duality: (n, m, gs,Oi') -H- {—m, n, g~^, a'gs)- The 1/2 BPS Wilson-’t Hooft loops 
have been discussed in [30]. The expectation value of 1/2 circular BPS Wilson-’t Hooft loop is the same 
as with 


K^ = 


AN IrriT 


which is invariant under the SL{2, Z) transformation 


ar + h 
T ; 

cr -|- a 

ad — be = 1 , a,b,c,d^'L, 


where the Yang-Mills coupling r is related to the string coupling as following 

Am 6 i X 

9ym 27r gs 2 t:' 


(1.13) 


In this paper, we study the 1/4 BPS Wilson-’t Hooft loops using D-branes description. We consider 
1/4 BPS Wilson-’t Hooft loops in symmetric representation. Similar to the Tl’s, these can be studed by 
using the D3-branes configuration. The paper is organized as follows. In section 2, we study the Wilson-’t 
Hooft loops with insertions using D3-brane description and conserved charges. In section 3, we discuss the 
1/4 BPS circular Wilson-’t Hooft loops. We end with the conclusions and discussions. 


2. Wilson-’t Hooft loops with insertions 
2.1 Review of the straight 1/4 BPS Wilson loops 

The 1/4 BPS Wilson loops can be constructed by Wilson loops with two insertions [31]. These deformations 
of Wilson loop are related to a certain spin-chain systems and can be solved by Bethe ansatz. Without 
the local insertions, these supersymmetric Wilson loops preserve half the supersymmetries of the vacuum. 
Considering 1/2 BPS local insertions, we can construct the the 1/4 BPS Wilson loops on i? x 5^ 

WzJ = ( 2 . 1 ) 

Where Z = ^lA- i ^2 is a half-BPS complex scalar. The angle 0 and vr are two points on S^. 

In the dual string theory on AdS^ x , the 1/4 BPS Wilson loops in supergravity extend to the 
two lines on the boundary which one line run up and another line run down at antipodal point on the 
Rx boundary with one of the insertions to the infinite past and the other one to future infinity in global 
Lorentzian AdS^. 
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It is convenient to use the following global coordinates for AdS^: 
ds^ 

-jY = — cosh^ pdt^ + dp^ + sinh^ p{dx^ + sin^ xid'd^ + sin^ ddcp^)) + dO^ + sin^ OdcfP'. ( 2 . 2 ) 

Where = Xa'"^ is the radius of AdS^ and S^. The Green-Schwarz string action is 

r2 /■ 

5 = ^—- / dadry/ —cosh ^pdatdpt + dapdpp + daOdpO + sin^ 6doi(t>dp4)]. (2.3) 

Adopting a periodic ansatz 

p = p{a), t = UJT, 9 = 9{a), (/> = wir, (2-4) 

the equations of motion are 

p" — oj^ cosh p sinh p = 0 , 

9” + oJl cos 0 sin 0 = 0. 

The solution to the string equations of motion is 

(t> = t, sin0=-^—. (2-5) 

cosh p 

This solution satisfies the correct boundary condition. The surface approaches the boundary of AdS^ and 
get to the north-pole of 5^ associated to the scalar <I >3 at ct = 0. As cr —)■ oo, the string comes close to 
the center of AdS^ and rotates around the equator of 3“^ carrying the angular momentum related to Z'^. 
There are two parts to the sting: at x = 0 and at x = ^- They are continuously connected to each other 
beyond p = 0. 

Using the supersymmetry analysis, the string solution preserves 1/4 of the supersymmetries. The 
K-symmetry projector associated with a fundamental string is 

T = —=}==dtx^dpx'''yiiluK. (2.6) 

V — det g 

Where K acts on spinors by complex conjugation. 7 ^ = c^Tq and Tq are constant tangent space gamma- 
matrices. T* = r0pip2p3p4 -g product of all gamma matrices in the AdS^ direction. The number 
of supersymmetries preserved by the string is the number of the independent solutions to the equation 
Te = e. The dependence of the Killing spinors on the relevant coordinates is written as 

e = (2.7) 

Where eo is a constant chiral complex 16-component spinor. This satisfies the Killing spinor equation 

{dfj. + -w/^Tafe -I- ^r* 7 ^)e = 0. (2.8) 

Using the vielbeins 

= L cosh pdt, = Ldp, = Ld9, = L sin 9dcj) (2.9) 
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and inserting the string solution (^) into the expression (^.61), it is easy to obtain two consistent 
condition 


r*ro56eo — *e0) ToiKeo — —cq. 


( 2 . 10 ) 


Thus the string solution preserves 1/4 of the supersymmetries. The total angular momentum carried by 
the string is given 


J= P6 = 




da sin"^ 


vra' 


After concrete calculation, the energy carried by the string is 


E = 


J Tra' Jq 


da cosh^ pi = J. 


( 2 . 11 ) 


( 2 . 12 ) 


These solutions satisfy the BPS condition. 

The string and some D3-brane solutions for 1/4 BPS Wilson loops can be found from the supersymme¬ 
try conditions [32]. Following the same steps, we study the 1/4 BPS Wilson-’t Hooft loops using D3-branes 
with both electric and magnetic charges on its world-volume. 

2.2 D3-brane solution 

The Wilson-’t Hooft loops have different representation of the gauge group. In the bulk description, the 
existence of the D-string of the Wilson-’t Hooft loop makes the general representation difficulty to study. 
We will consider the case that the FI strings and D1 stings are in the symmetric representation. The 
FI’s and FI’s form a simple bound state. We will find a D3-brane solutions associated to this Wilson-’t 
Hooft loops. The Wilson-’t Hooft loop that we consider is localized in the time direction and preserves 
an 50(3) x 50(3) symmetry. These 50(3) x 50(3) are the isometry of AdS^ and 5® separately. It 
is convenient to use the metric ( |2.2| ) and fix a static gauge for D3-brane with worldvolume coordinates 
(t, p, "d, (/?). Then the D3-brane hypersurface in AdS^ x 5® is characterized by the equations 


x = xip), ^ = 0(p), (P = t- 


(2.13) 


The D3-brane action includes three parts: the Dirac-Born-Infeld action (DBI), Wess-Zumio action 
(WZ) and boundary term 


^ ^DBI T Z T ^boudary 

The tension of the D3-brane is 




^/^det(g~+'2Trc7W) - Td^ j PICa] + Sboudary (2-14) 


Td3 = 


N 


(2.15) 


27r^L‘^ 

P[ 04 ] is the pullback of the Ramond-Ramond 4-form potential to the worldvolume of D3-brane. With the 


27ra' 


ansatz ( 2.13|) , the DBI action is of the form(absorb a factor of 
N r I -^^- 

Sdbi = 


m 


the definition of Ftp,Fd^) 


J dtdpd'^d(p^J (cosh^ p — sin^ d){l + sinh^ px''^ + 9'“^) — x sinh^ psin^ "9 -\- F^^. 


(2.16) 
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Where Ftp is the elecric field and is the magnetic field on D3-brane. The ' denotes a derivative with 
respect to p. The Wess-Zumino term is given by 

Swz = - J dtdpsinh'^ psin^ XX^■ (2-17) 

It is difficult to solve the equations of motion from this action. We will discuss the supersymmetry equations 
of the D3-brane from requiring kappa symmetry. These are first-order equations and can be solved easily. 
These solutions can be checked to satisfy the equations of motion derived from the action. The k symmetry 
of D-branes is defined as [33-40] 


A XU, 


(2.18) 

(2.19) 


where the operations I and K act on spinors as U = and K'ljj = ip*, the notation T^^) is 
defined as 

rH = ^df-A...Adrr,,...i„. (2.20) 

Where is the pullback of the target space gamma matrice 




■ d,,X'^-Tr. 


( 2 . 21 ) 


The K symmetry of D3-brane with electric and magnetic field on its world-volume is 

r = Cj^-Qpir + U FtpT p 2 .)K + U F^U (^ 2 )K + L‘^FtpF^^)F ( 2 . 22 ) 

The projectors r(4),r(-2) and r(2) are 

r{4) = f'( 2 )r( 2 ) = dtx^^dpX^dttx^d^px'^Xtilyiac. = {it + lUlp + x'lx + d'xeUlip (2.23) 
r(2) = dt)X^^d^x''xtilu = lttl<p, f (2) = (jt + I4>)ilp + Xlx + ^'le)- (2-24) 

Using the Vielbeins 

= L cosh pdt, = Ldp, = Lsinh pdx (2.25) 

= L sinh p sin xd'd, = L sinh p sin y sin ddif (2.26) 

= Lde, e® = LsinOdcp (2.27) 

and the ansatz ( 2.13| ), the projectors r(4),r(-2) and r(2) are written as 


r( 4 ) = f( 2 )r( 2 ) = T^(coshpro-I-sin0r6)(ri-|-sinhpy'r 2 -I-^^Ts) sinh^ psin^ ysini?r 34 , (2.28) 

r( 2 ) = sinh^ psin^ X sin'(9r34, f ( 2 ) = T^(coshpro-|-sin0r6)(ri-|-sinhpx^r 2 -|-^^Ts). (2.29) 
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The Killing spinor for the metric ( ^.2| ) is 

e = e“^^’"*’"ie“5*r*rogixri2g|i?F23g|¥’r34g-5er*r5gi</.F56g^_ (2.30) 

Similar to the Wilson loop case, we make the following ansatz on eo for 1/4 BPS Wilson-’t Hooft loops : 

Keq = —e*°Toieo, Peco = —^ri2345eo- (2-31) 


These conditions are different with the conditions (|2.10D of Wilson loop with extra factor e*“. The a is 
the real number which is similar to the angle. When a = 0, this conditions reduce to the 1/4 BPS Wilson 
loop conditions ( 2.1C|) corresponding the pure electric case. 

Putting the (j) = t in the expression (|2.30|), the Killing spinors can be rewritten as 


g ^ g-fpr*rig-fer*r5g2xri2g2’5^23g2¥5r34g^ ^ 


(2.32) 


Where 

M = (2.33) 

We note that the eo and Meo satisfy the same constraints. 

The differential equations for the 1/4 BPS Wilson-’t Hooft loops come from the projection relation 


Pe = e. (2.34) 

After moving the matrix e“ 2 ^'"*'"ie“ 2 ®'"*'"sg 2 xri 2 |-q jg£|- q££]^ g projector and applying the constrains ( |2 .3 1| ) , 

we obtain the 8 differential equations for the 0,x, Ftp and 


ro 345 : 0 = sinh^ psin^ y sin tl(e*“Fip sinh p cos x sin 0 — 0'(cosh^ p — sin^ 0)) — sinh^ pcos xsin0x^ 

P^Ps : 0 = sinh^ psin^ x sinil(e*“Ttp sinh p sin x sin 0 — x' sinh^ psin 0 cos 0) — sinh^ p sin x sin 0x^ 

r 0234 : 0 = (cosh^ p — sin^ 0) sin xF x' cosh p sinh p cos x cos^ 0 

ri 2 : 0 = sinh^ p sin^ x sin '&{e^°‘Ftp sinh p cos x cos 9 + 9' sin 0 cos 0 -|- cosh p sinh p) 

—ie“^F^p sinh^ p cos x cos 9x' 


Tis 

r25 

roi34 

1 


: 0 = x^ cosh p sinh p cos x sin 0 cos 9 — 9' cosh p sinh p sin x + sin x sin 0 cos 0 
: 0 = sinh^ p sin^ x sin ??(e*“T)p cosh p sin 0 + cos x sin 0 cos 9 — x' cosh p sinh p sin x sin 0 cos 0 — 

9' cosh p sinh p cos x) — sinh^ p cosh p sin 9x' 

: 0 = sinh^ p sin^ x sin i?(e*“T)p cosh p cos 0 -|- (cosh^ p — sin^ 0) cos x~ x' cosh p sinh p sin x cos^ 0) 
—ie'°‘F^p sinh^ p cosh p cos 9x' 

: —{jj)Cdbi = sinh^ psin^ X sin i?(e*“Ftp sinh psin X cos 0-|-X^ sinh^ psin^ 0) 


—iF'^F^p, sinh^ p sin x cos 0x^ — 


cos9 sinh p , 


sinx 


X T iFtpFrffip 


(2.35) 
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These 8 differential equations have 3 independent differential equations 


x' cotx = - 


tan 8 tanh p, 

(2.36) 

cosh^ p — sin^ 9 

(2.37) 

cosh p sinh p cos^ 6 ’ 

cosh^ 0 — sin^ 9 

cosh p cos 9 cos X ’ 

(2.38) 


where 


P'&ip — 


F&u. 


sinh^ p sin^ x sin 

We solve for x, Ftp and F^i^ from these equations. The solutions to equations (|2.36| ) and (|2.37|) are 

Cl . ^ coth p 


(2.39) 


sin 0 = 


cosh p ’ 


sin x = C 2 


ij cosh^ P — cl 


(2.40) 


Where the Ci and C 2 are two constants. The Ci is related to the angular momentum carried by the 
D3-brane. The C 2 is related to the electric and magnetic charge of D3-brane. The electric and magnetic 
field Ftp,F^^p can be solved from the equation ( 2.3^ ). We can obtain two equations from this complex 
equation (2.38) by making the real part and imaginary part equal separately. Finally, we get the results 

cosh^ p — sin^ 6 , ^ cos 6 


Ftp = — cos a{- 


F-dip 


■ sm a. 


(2.41) 


' cosh p cos 6 cos X ^ sinh p sin x 

When cos a = 0, the 1/4 BPS Wilson-’t Hooft loops become the magnetic ’t Hooft loops. 

2.3 Conserved charges 

The are two constants Ci, C 2 in the solutions. The Ci is related to the angular momentum J around the 
in the . The C 2 is related to the electric and magnetic charge carried by the D3-brane. 

The electric charge k is the conjugate momentum to the electric held 


27ra' 

^ = n = Td 3 


/ 


5C 4iV 

d'ddp = —j=C2Cosa. 

oFt, 


(2.42) 


^tp y/X 

The integer charge k corresponds to the number of coincident FI stings. We also have the magnetic charge 
m 

m = —-: f d'ddpF^i^ = ^^^ 6*2 sin a. (2.43) 


27r 27ra' 


The integer magnetic charge m is the number of Dl-branes immersed in the D3-branes. From equations 
(^) and (p^) , we obtain the k and m satisfy the following relation 




I6AI2 


A 


(2.44) 


























Using the dual coupling constant A = , the C 2 can be rewritten 


as 


Cl = 


+ 


(4Ar)2 ' (4Ar)2' 

We then discuss the energy and angular momentum relation. The angular momentum J is 

d'ddipdp —r 


(2.45) 


4 AT f sinh p sin^ xsin^ 0(1 + sinh px +0'^)Jl + 
= -/ dp - 

^ y (cosh^ p — sin^ 0)(1 + sinh^ px'2 _|_ 0 / 2 ^ _ 

The energy contribution from DBI action and the Wess-Zumino term is 

di^DBi + C.wz) 


Ed.w — 2 TJ 53 / d'ddipdp- 


5i 


4 Xr f sinh^ p sin^ x cosh^ p{l + sinh^ px'^ + e'‘^)Jl + 4 Ar /• 

= - / dp - =- 1 -/ dp sinm p sim XX^ 

^ y (cosh^ p — sin^ 0)(1 + sinh^ px'^ + ^ 

The other energy term comes from the the electric and magnetic field. That is 
E,.t. = - f dp{F-^F,, + 

rt 


F 


i?ip 


tp 


4 Xr r sinh^ psin^ (cosh^ p - sin^ 0)(1 + sinh^ px'^ + 0 '^) - T)p 

=-/ dp - 


1 + ^ 1 ^ 


m f sinh^ p sin^ xF^p Jl + F^^ 

-/ dp = 

^ d y (cosh^ p — sin^ 0)(1 + sinh^ px'^ + 0'^) — T)p 

Using the above expressions, it is easy to find J + Eu w + El,t. = 0. This is consistent with the BPS 
condition. 


3. 1/4 BPS Circular Wilson-’t Hooft loop 
3.1 Review of the 1/4 BPS circular Wilson loop 

In this section, we will discuss 1/4 BPS circular Wilson-’t Hooft loop. We first give a briefly review of the 
BPS circular Wilson loop [41-43]. The 1/4 BPS circular Wilson loop can be parameterized by 

= Rcosa, = Rsina (3.1) 
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on the boundary of AdS^. It couples to a linear combination scalar 

<h(Q;) = <^3 cos 00 + sin 0o(^i cos a + $2 sin a) 
with an arbitrary fixed 9q. The loop may be written as (in Euclidean signature) 

Wqq = TrV exp[^+ |i;|‘h(a))da]. 


(3.2) 


(3.3) 


The Wilson loop will be given by the sum of all non-interacting diagrams which is written in terms of a 
0-dimensional Hermitian Gaussian matrix model. The expectation value of this Wilson loop is given by 
the matrix model as 

1 


{We,) = 


Z 


PMlTre-e----^^lL^_3(-^)exp[^] 


(3.4) 


Where T]v_i is a Laguerre polynomial and A' = Acos^0o- In planar limit, the expectation value is given 
by 

{We,,planar) = 

Where Ii is a modified Bessel function. 

To discuss the relevant string solutions in the dual AdS^ x space, it is useful to adopt the following 
metric on AdS^ x 3“^ (the other directions on are omitted) 

ds^ 

-jY = —dy^ + cos^ x{dp^ + sinh^ pdilP') + sin^ x{do'‘^ + sinh^ ad(f‘^) + dO"^ + sin^ (3.6) 

The metric has Lorentzian signature. The Lorentzian can be used for the supersymmetry analysis. 


The string describing the Wilson loop (^) will be at y = 0 and end at p —)• 00 . Using the ansatz 

(3.7) 

the string action is 


P = P(o-), tpir) = T, e = 9 {t), (j){T) = T, X = 0, 

J dadrlp'"^ + sinh^ p + 9'“^ + sin^ 9]. 


S = 




dvra' 


The equations of motion are 


p" = sinhpcoshp, 
9" = sin 0 cos 0. 

Two solutions with these boundary conditions were found [43]: 

1 . . 


= Ip, sinhp((T) = — 


1 


sm a = 


(3.8) 

(3.9) 

(3.10) 

(3.11) 


sinh a ’ cosh((To ± a) 

Here fi is a world-sheet coordinate. The constant uo is fixed by the boundary condition that at u = 0 

cos 00 = tanhuo. (3-12) 
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From these solutions, the classical action is 


5 = =F cos 6*0 \/A. 


(3.13) 


The two signs correspond to a string extended over the north or south pole of 5^. The solutions preserve 
1/4 of the supersymmetries. This can be seen from supersymmetry analysis. The Killing spinor on the 
relevant component of the metric (3.1) is 

,iV'ri2f,-i6ir*r5gi0r56, 


e = e 


^eo- 


(3.14) 


Then it can obtain two compatible constraints. 

(ri2 + r56)eo = 0 


(3.15) 


and 

Keo = -(cos 6 *ori 2 + sin 6 *ori 6 )eo. (3.16) 

The construction of the 1/4 BPS D3-brane describing the circular Wilson loop in the k-th symmetric 
representation can be found in [32]. For k-th symmetric representation, the expectation value is 

(kFfc') = exp[2A^(A:'\/l -|- + arcsinh k')] (3-17) 


with 


k' 


k cos 9oy/X 

In 


(3.18) 


The ^0 = 0 corresponds to the 1/2 BPS Wilson loop (|L^). 

We will turn on the magnetic flux on the D3-brane worldvolume to find a 1/4 BPS circular Wilson-’t 
Hooft loop with D3-brane description in the symmetric representation. 


3.2 D3-brane solution 


We use the Lorentzian signature metric (3.6) to obtain the equations of motion from the supersymmetry 
analysis. In this Lorentzian signature metric, the brane has extra factor of i in the projector equation and 
electric field. We parameterize the D3 brane world-volume by {p,ip,a,ip}. The ansatz for the 1/4 BPS 
circular Wilson-’t Hooft loop is to take x = x(p))^ = = 4>- The killing spinor with Lorentzian 

signature metric (p. 6 |) can be written as 


g — g-5xr*rog-fpr*rigii/)ri2g-5crro3gi(/jr34g-i6»r*r5gi</ir56 


eo- 


(3.19) 


The DBI action is of the form 

Cdbi = sin^xsinh(T^((-x'^ + 6*'^ cos^ x)(cos2 y sinh^ psin^ 6*) + - F^^), 

where we define 

F 

7 ? _ 

^ o-w . O . , 

sm X smh a 


(3.20) 

(3.21) 
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From the general k symmetry expression (|2 .1 ^) , we obtain 


r — — L^Fp^T (^2)K + iL?' Fu^pT (^-^K — F^ Fp^F„p)F (3.22) 

The vielbeins for the metric are 


= Ldx, = L cos xdp, = LcosxsinhpdV', 

= L sin xdcr, = L sin x sinh ad(p, 

e® = LdO, e® = LsmOdcj). (3.23) 

Then the projectors r( 4 ),r( 2 ) and r( 2 ) can be written as 

F ( 4 ) = ( 7 p + x'lx + d'xe){lij + (3-24) 

= L^(cosxFi + x^Fq + 0 ^F5)(cosxsinh/9F2 + sin^Fg) sin^ Xsinh(TF 34 , (3.25) 

f(2) = ilp + x'lx + ^'^e){lp+l<i>) = L^icosxTi + x''^o + d'T5){cosxsmlipT2 + sm9re), (3.26) 
^(2) = = T^sin2xsinhfTF34. (3.27) 

The projector F does not depend on -i/^. We can eliminate the dependence on ijj by imposing 


(Fi 2 + Fsejeo = 0. 


(3.28) 


After imposing this constraint, the Killing spinor (3.191) can be reduced to 


= ^=-|xr*rog-fpr*ri^-iaro3^iv^r34^-i0r*rs^„ ^ ^-ixr*ro^-ipr*ri^-i0r*r5 


e = e 2 


Lg 2 


eo = e 2 ^ 


Jg 2^ 


2 ^ 


Weo. 


(3.29) 


Where M is defined as 


M = e“^'^^03g^<pr34^ 


(3.30) 


To obtain the 1/4 BPS circular Wilson-’t Hooft loop, we impose another condition 


Keo = -e*'^(cos 6 'oFi 2 + sin 6 'oFi 6 )eo. 


(3.31) 


This condition is different with the condition (3.16) of Wilson loop with extra factor e*"^. The 7 is the real 
number and connected with the electric and magnetic charge carried by the D3-brane. The differential 
equations for the 1/4 BPS Wilson-’t Hooft loops come from the projection relation 


Fe = e. 


(3.32) 
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Moving the matrix e 2X^*^0e 2P^*^^e jgf^ gf -^g obtain the 8 first order differential 

equations for 0, x, Fp^ and 

r0234 : 0 = ie*''' Fp^ sin x sin 9 sin 9q — F„p (sinh p sin x cos x — cosh p)l) sin x sin 9 sin 9q 

+X^ sinh p{cos^ X “ sin^ 9) + cosh p sin x cos x sin^ 9 
r^Fs : 0 = iF'^ Fpp sin X sin 9 cos 9q — (sinh p sin x cos x — cosh/oxO sin x sin 6* cos 9q 

—X^ cosh p sin 9 cos 9 + sinh p sin x cos x sin 9 cos 9 

ri234 : 0 = iF'’^Fpp sinh/)cosxsin6*sin 9q — (sinh/)sinxcosx — cosh p^) sinhpcosxsin6*sin6*0 

+ie^'^Fpp cosh p cos x cos 9 cos 9o — iF'^F^^, (sinh p sin x cos x — cosh /)x0 cosh p cos x cos 9 cos 9q 

—X^ sinh^ p sin x cos x~ sin 9 cos 9 + sinh p cosh p cos^ x 
r2345 0 = ie^'^Fpp sinh p cos x sin 9 cos 9o — (sinh p sin x cos x — cosh px') sinh p cos x sin 9 cos 9q 

—iF'^Fpp cosh p cos X cos 9 sin 9o + iF'^F^^ (sinh p sin x cos x — cosh px!) cosh p cos x cos 9 sin 9q 

—9' sinh p cosh p cos^ x “ cos^ X sin 9 cos 9 

For 0 = iF"^Fpp sinh p cos x cos 9 cos 9o — iF'^F^p (sinh p sin x cos x — cosh px') sinh p cos x cos 9 cos 9o 
+ie^'^Fpp cosh p cos x sin 9 sin 9o — iF'^F^^ (sinh p sin x cos x — cosh px!) cosh p cos x sin 9 sin 9o 
—x' sinh p cosh p sin x cos x + cos^ x(sinh^ p + sin^ 9) 

Fo 5 : 0 = iF'^Fpp sinh p cos x cos 9 sin 9o — iF'^F^^p (sinh p sin x cos x — cosh px') sinh p cos x cos 9 sin 6*0 
—iF'^Fpp cosh p cos X sin 9 cos 9o + iF'^F^p (sinh p sin x cos x — cosh px!) cosh p cos x sin 9 cos 9q 
+0'(sinh^ pcos^ X + sin^ 9) 

Fi 5 : 0 = iF'^Fpp sin x cos 9 sin 9q — iF'^F^p (sinh p sin x cos x — cosh px') sin x cos 9 sin 9o 
—x! sinh p sin 9 cos 9 + 9' sinh p sin x cos x + cosh p sin x cos x sin 9 cos 9 
1 : 1 = —iL^C~j^QjSirFx sinh a{iF''^Fpp sin x cos 9 cos 6*0 — iF"^Ffjp{sm x cos 9 cos 9q 

-cos^0^^^ ^ (sinh p sin x cos x — cosh px!) + x' cosh p sin^ 9 — sinh p sin x cos x sin^ 9 

sin X cos 9q 

FppFfjp). 


These equations are consistent with each other. We obtain three independent equations 


0 '= 2 I cos^ X cos 0 , x^ = ^sinxcosxsin0, 


(3.33) 


F'^Fpp — F'^Ffjp(sinh p sin X cos X — coshpxO = — i ^ ^ {A cosh p sin 9 — sinh/j). (3.34) 

cos 9q 
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Where 


A = 


sinh p cos 6 sin 9q — cosh p sin 6 cos Oq 
(cos^ X — sin^ 9) sinh p cos 9q + cosh p sin 9 cos 9 sin 9q 


(3.35) 


The electric held Fpp and magnetic held can be solved from the equation ( 3.34 ) by taking the real 
part and imaginary part equal separately. Then we then get the result 


cos X cos 9 ~ cos 9 

Fpp = —I - 7 - [A cosh p sm 9 — sinh p) cos 7 , ^_ _^ sm 7 . 


cos 00 


sin X cos 9q 


(3.36) 


We can obtain the 1/4 BPS Wilson loop solution by setting 7 = 0 . When cos 7 = 0 , these solutions are 
reduced to the’t Hooft loop. 

From the equations (3.33|), we can get the following results 


sin X cos 9 = C, 

cosx(cosh/9cos0sin0o — sinh p sin 0 cos 0o) = D. 


(3.37) 

(3.38) 


The solution not to be singular at the point p = 0 require the D satisfying the relation 

D = A: sin 00 X ^1 — (3.39) 

where the +, — signs correspond to taking 0 = Oor0 = 7 ratp = O respectively. These solutions in 
Lorentzian space are unphysical. From these solutions we know that the expectation value of the 1/4 BPS 
Wilson-’t Hooft loop for the fixed 9q depends on the C, 7 value. 


3.3 The 1/4 BPS Wilson-’t Hooft loop expectation valne 

We now discuss the expectation value of 1/4 BPS Wilson-’t Hooft loop {C,'y)). We don’t know 

how to calculate it from Super-Yang-Mills theory since we have to work in a background with magnetic 
monopole. The SL{2,Z) duality permits us to get the answer. Thanks to the AdS/CFT duality, we can 
calculate the expectation value of 1/4 BPS Wilson-’t Hooft loop using the D3-brane action. We first point 
out that the expectation value is independent of the 7 value. Then we use the 1/4 BPS Wilson loop result 
to obtain the expectation value of 1/4 BPS Wilson-’t Hooft loop. 


3.3.1 The expression of expectation value 

The total on-shell D3-brane action of 1/4 BPS Wilson-’t Hooft loop 5'^'^(C, 7 ) includes four terms: the 
DBI action Sdbi, the Wess-Zumino action Swz, the boundary term Sp comes from the Legendre transform 
of the gauge field and the other boundary term Sq comes from the Legendre transform of the scalar field 
9' 

7 ) = Sdbi + Swz + Sf + Se, (3.40) 
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where the DBI action is 


Sdbi = 2^3 / dpd'ipdadipCDBi 

dpdil^dadip sin^ xsinhcry^+ 0'“^ + cos^ x)(cos^ xsinh^ p + sin^ 6) + F^^)(l — 


N 

2vr2 j 

-m 

‘I'K^ 


/ COS Q 

d/od'i/’dcidy? sin^XsinhcT cos x(^ cosh/9 sin 0 — sinhpiil — (-—i^sin^x) (3-41) 

sin X cos 


and the Legendre transform of the gauge held is 

dCoBI rn 


Sp = —Tp^ J dpdifjdadip- 


6F, 


pp 


pp 


(3.42) 


-iN 

271^ 


/ COS 0 

dpdijjdadip sin^ x sinh a cos x cosh p sin 6 — sinh p)(—( - —) ^ cos^ 7) (3.43) 

sin X cos oq 


Then 


Sdbi + Sp = 


-iN 

271^ 


/ dpdijjdadip sin^ x sinh a cos x (^ cosh p sin 9 — sinh p)(l — (— 

SI 


cos 9 


sin X cos 9o' 


(3.44) 


is independent of 7. The Swz term also is independent of 7. 
We hnally only consider the Sp term 


diCpBi + Swz) 


Sp = -O'o J dipdadipPp = -Td^9'q J dipdadip 

m n! f ,17 1 .isinxsinhfj^^cos^xsinh^p + sin^^) , 5 Swz 
= -Td39q / d-ipdadifl 


cos x(^ cosh p sin 9 — sinh p) 


(3.45) 

(3.46) 


Where Pp is the conjugate momentum of 9. The Sp is independent of 7 from above expression. 

From the above analysis, we conclude that the total on-shell D3-brane action of 1/4 BPS Wilson-’t 
Hooft loop is independent the 7. This is to say that we can let the 7 = 0. As we know that the 7 = 0 
corresponds to the Wilson loop case. We have the relation 


SZ'^iC,!) = Sl^{C,0) = 


(3.47) 


We can use the Wilson loop result to obtain the Wilson-’t Hooft loop expectation value, but the C has 
different physical meaning. 

The expectation value of 1/4 BPS Wilson loop has been calculated in [32]. The D3-brane solutions 
( 3.37 ), (p.38 ) and ( 3.35 ) are unphysical in Lorentzian space. So we analytically continue those solutions to 
Euclidean signature by taking the Wick rotation 


X = iu, a = id. 


(3.48) 


After this Wick rotation, the Euclidean version of metric (3.6) is 
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u 


= du^ + cosh^ u{dp^ + sinh^ pdif^) + sinh^ u{d-d^ + sin^ -ddip^) + dO'^ + sin^ 9d(f)^ 


The solutions (|3.37| ) and (|3.38|) become 

sinh u cos 9 = c, 

cosh u(cosh /9 cos 0 sin 6*0 — sinh p sin 6 * cos 0 o) = d. 
The solution smooth at p = 0 only for 


(3.49) 

(3.50) 

(3.51) 

(3.52) 


(3.53) 


d = ± sin 00\/1 + c^- 

From this, we can solved p as a function 9 

sin 9 sin 0o (Vl + cos 0o + cos 9 ^/l + 

sinhp = sign{9o - 9) -—- j- -jTT--. 

cosh u(cos^ 9 — cos^ 0o) 

Using this expression, the solutions can be written as function of 9 instead of p. The world-volume is 
parameterized by {9, tp, , ip}. The p = p(0) and u = u{9) are given by the solutions above. The 1/4 BPS 
Wilson loop has been discussed in [32] in this coordinates. The total D3-brane action of the 1/4 BPS 
Wilson loop is given by 

^Wilsonloop_ _2_/V(cy^ 1 + -b arcsinhc). (3.54) 

From the relation (|3.47|), we find 


5^^(c, 7 ) = —2iV(c\/1 -b + arcsinhc). 

So the expectation value of 1/4 BPS circular Wilson-’t Hooft loop is 


(Wg^'^(c, 7 )) = exp [2 A^(c'\/r+^ + arcsinhc)]. 


(3.55) 


(3.56) 


Although the expectation value of 1/4 BPS Circular Wilson-’t Hooft loop has the same expression as 
Wilson loop, the c has different physical meaning. 

3.3.2 The physical meaning of c 

The D3-brane DBI action with electric and magnetic field on its world-volume is given by 

Sdbi = J d9d‘d^ (cosh^ up'^ -|- u'^ -|- l)(cosh^ tt sinh^ p -|- sin^ 9) -|- ^sinh^ u sin^ -d -|- F|^. (3.57) 


Where ' stands for the derivative with respect to 9. The momentum conjugate to the gauge field A, 


7 


n = -i- 


27ra' 


L2 


Td3 / d'ddif 




DBI 


6Ff 


= ± 


4N. 


eip 


y/X cos 9o 


cos 7 = ±k. 


(3.58) 
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The integer charge k corresponds to the number of coincident FI stings. 
The magnetic charge m is 

1 „ \/A c . 


27r 27rQ;' 


d'ddcpF^^ = ——^sin7. 
TT cos t^n 


(3.59) 


The integer magnetic charge m is the number of Dl-branes immersed in the D3-branes. From the above 
two expressions, we find 

c = (3-60) 

~ 1^2 7\r2 

Using the dual coupling constant A = —, c can be written as 

9 9 . . /c^A m?X , , , 

■= = ““ '*»W+w’- ‘ ’ 

Without considering the axion field, the expression does not manifest the SL{2, Z) symmetry. 

3.3.3 The SL{2, Z) symmetry 

To restore the full SL{2, Z) duality, we must consider the effect of a nonzero axion field Cq. For a non-zero 
constant axion background, the D3-brane action has additional Wess-Zumino term 


Saxion — /^ 3 ( 27 rQ;) / 


(3.62) 


For the nonvanishing axion field, the supersymmetry analysis still holds because the kappa projection 
operator dosen’t involve the any RR filed. All the calculations are the same as the zero axion case with a 
replacement 

k ^ k + mCo- (3.63) 

From the AdS/CFT duality, the axion in the bulk could be identified with the 9 parameter in the 
Yang-Mills theory 

c„ = Y. ( 3 . 64 ) 

In the nonvanishing axion background Cq, the expectation value of 1/4 BPS circular Wilson-’t Hooft 

loop becomes 

(ITJ^^(c, 7 )) = exp[2A^(cv'T+^ +arcsinhc)] (3.65) 


9 9 /i r/, mO.n A rin?\ , 

" =cos « 0 p + —) 

IrriT 

This is invariant under the SL{2, Z) duality with S and T transformation 

S : T —)■- {n,m) ^ {—m,n) 

T 

T : r —5-r-|-1 {n,m) ^ {n + m,m). 


(3.66) 


(3.67) 

(3.68) 
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4. Conclusions and Discussions 


In this paper, we investigate the 1/4 BPS Wilson-’t Hooft loops in AA=4 supersymmetric Yang-Mills 
theory. We use the bulk D3-brane solutions with both electric and magnetic charges to describe some of 
1/4 BPS Wilson-’t Hooft loops. We consider 1/4 BPS Wilson-’t Hooft loops with both the FI’s and FI’s 
in symmetric representation. Similar to the FI’s, this can be studed by using the D3-branes configuration. 
We calculate the conserved charges for straight 1/4 BPS Wilson-’t Hooft loops and expectation value for 
circular 1/4 BPS Wilson-’t Hooft loops. 

In our paper, we mainly discuss the 1/4 BPS Wilson-’t Hooft loops in symmetry representation. It 
would be interesting to discuss the general representation of 1/4 BPS Wilson-’t Hooft loops. Similar to the 
case of Wilson loops, another interesting problem is the 1/4 BPS Wilson surface in six-dimensional field 
theory in the framework of AdS^/CFT^ correspondence [1,44-53] using the k, symmetry. 
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